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Abstract. Existing continuous schemes for computing the specific discharge in
heterogeneous porous media result in inaccuracy in simulating the local specific discharge
field at and in the vicinity of an interface between subdomains of different material
properties. The domain decomposition method used in multilayered systems and a
consistent scheme in a randomly heterogeneous domain are applicable only to some
particular cases, such as when the material interfaces are parallel to an axis. Along a
material interface, the law of refraction of streamlines, related to both the tangential and
the normal specific discharge components, should be satisfied. By incorporating these
interface conditions into the weak formulation of Darcy’s law, two consistent numerical
schemes have been developed. These schemes can be applied to accurately and efficiently
simulate the specific discharge field in a heterogeneous domain with different values of
the ratio of hydraulic conductivities between adjacent elements. In particular, they provide
an easy way for treating aquifers with semipervious layers as a single system. Numerical
simulations have been used to demonstrate the capability and accuracy of the proposed
schemes. Comparison between the specific discharge fields computed by the proposed
schemes and by other techniques shows that the new schemes are superior to the
traditional ones.

1. Introduction

An accurate and efficient computation of a groundwater
specific discharge field (q field) is crucial for the numerical
simulation of contaminant transport problems. The specific
discharge dominates the advective transport and is a key factor
in determining the coefficients of mechanical dispersion. Most
natural groundwater systems are heterogeneous. Often such a
system is approximated as being composed of a number of
homogeneous subdomains of different hydraulic and transport
properties. At any point within each subdomain the specific
discharge is continuous in all directions. However, at an inter-
face between two different subdomains (with different mate-
rial properties), only the component of the specific discharge
(q component) that is normal to such an interface is continu-
ous, while the component tangent to the interface exhibits a
discontinuity as the interface is approached from both sides,
obeying the refraction law of streamlines [Bear, 1972, 1979].

Traditionally, in finite element methods (FEMs) a q field is
directly derived by numerical differentiation from the com-
puted pressure or head distribution. The latter is linearly or
bilinearly approximated. This results in a loss of 1 order of

accuracy in the specific discharge computations. Furthermore,
it gives rise to nonphysical discontinuities in the q components
at element boundaries, even if the domain is homogeneous.

So far, most efforts have focused on the continuity of the
normal flux at element boundaries. Several continuous meth-
ods have been developed. A mixed FEM formulation, applied
to groundwater flow simulations by Meissner [1973] and Segol et
al. [1975], requires that both heads and specific discharge con-
stitute degrees of freedom. In a case of steady state flow the
derived coefficient matrix is not positive definite. Yeh [1981]
developed a separate FEM model for Darcy’s law for the
purpose of computing specific discharge, after determining the
linear/bilinear head distributions by the same FEM. Chavent
and Roberts [1991] presented a mixed-hybrid FEM model in
terms of elemental average pressure/head, with edge/face pres-
sure/head, and edge/face average flux as the dependent vari-
ables. Cordes and Kinzelbach [1992] developed a postprocess-
ing patch formulation for the q field. In all these continuous
schemes the continuity of the normal flux at element bound-
aries in a homogeneous domain can be satisfied. However,
when applied to a heterogeneous domain, they may result in
large errors in the local q field in the vicinity of material
interfaces, since they cannot simultaneously satisfy the law of
refraction of streamlines. Satisfying this law is a prerequisite
for any accurate evaluation of such a local q field. Further-
more, owing to the mass balance constraint, the resulting er-
rors in the specific discharge at material interfaces propagate
to some degree to nearby regions and nodes and give rise to
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wiggling oscillations in the local q field. Sometimes this leads to
a nonphysical flow field that contradicts Darcy’s law as far as
flow direction is concerned.

Only a small number of models consider the q field in the
vicinity of material interfaces. The domain decomposition
method is usually applied to simulate the flow and transport in
a multilayered aquifer, visualized as being composed of a num-
ber of homogeneous subdomains. Along the internal material
interfaces, boundary conditions are explicitly set and iteratively
satisfied under certain specified assumptions, for example, that
the specific discharge is assumed to be vertical in horizontal
semipervious layers. A consistent specific discharge scheme
was formulated by Srivastava and Brusseau [1995]. In their
scheme the q component normal to a material element bound-
ary is treated by a continuous scheme, while that tangential to
such a boundary is computed by a discontinuous scheme. How-
ever, this scheme preserves the interface conditions only when
the element boundaries are material interfaces which are par-
allel to a coordinate axis. Otherwise, the required condition of
continuity of the normal flux component is not satisfied. When
applied to a case with multiple material interfaces, of arbitrary
shapes and with arbitrary values of the hydraulic conductivity
ratio, these methods are neither efficient nor accurate.

In this paper we present two consistent specific discharge
schemes. In scheme 1 the jumps in q components at any point
on a material interface are analytically derived from the con-
dition of continuity of the normal flux component at the inter-
face and from the refraction law with respect to the tangential
one. By assembling jumps at each material node (that is, a
node on an interface between two materials), element by ele-
ment, a global jump vector is formed and incorporated directly
into the right-hand-side load (flux) vector. Meanwhile, the
mesh used for head computations, and the global coefficient
matrix, identical to that in the commonly used continuous
FEM scheme, remain unchanged. In scheme 2 these interface
conditions are taken into account in the weak formulation of
specific discharge computations, using Darcy’s law. Their con-
tributions both to the global coefficient matrix and to the load
vector are assembled segment by segment. In this scheme the
mesh used for head computation should be modified by adding
additional nodes at each material node to take into account the
discontinuities in specific discharge. The proposed schemes are
presented and their implementation is discussed in detail. The
methods are then compared with existing ones for two-
dimensional (2-D) aquifers exhibiting material discontinuities.

2. Theory
2.1. Law of Refraction of Streamlines

At an interface between two different materials in a heter-
ogeneous anisotropic domain the normal flux and the piezo-
metric head must satisfy the following conditions:

q� � n � q� � n (1)

h� � h�, (2)

where q is the specific discharge (expressed by Darcy’s law), n
is the unit vector normal to the interface, h is the piezometric
head, and the plus and minus superscripts denote values on
both sides of the interface.

From (2) it follows that

J� � s � J� � s , (3)

where J is the hydraulic gradient vector, and s is the unit vector
tangential to the interface. Since the hydraulic conductivity is a
tensor, K� and K� are invertible. The hydraulic gradient vec-
tors, J� and J�, may be rewritten in terms of q� and q�:

J� � �K���1 � q�

(4)
J� � �K���1 � q�.

By incorporating (4) into (3), we obtain the general refrac-
tion law, written for the tangential flux component in an aniso-
tropic domain:

�K���1 � q� � s � �K���1 � q� � s (5)

or

q� � s � �K�� � �K���1 � q� � s � �K�� � q� � s � �K��T � s � q�

� �K�� � s � q�, (6)

where

K � �Kxx Kxy Kxz

Kyx Kyy Kyz

Kzx Kzy Kzz

� q � � qx

qy

qz

� J � � Jx

Jy

Jz

�
� ���h/� x

��h/� y
��h/� z

� n � � nx

ny

nz

� s � � sx

sy

sz

�
and the superscript T denotes the transpose of vector.

In three dimensions we have two refraction laws, along two
different tangential directions, s1, s2:

�K���1 � q� � s1 � �K���1 � q� � s1
(7)

�K���1 � q� � s2 � �K���1 � q� � s2

or

q� � s1 � �K�� � s1 � q�

(8)
q� � s2 � �K�� � s2 � q�,

where

s1 � ��
nz

�nx
2 � nz

2 , 0,
nx

�nx
2 � nz

2� T

s2 � � 0, �
nz

�ny
2 � nz

2,
ny

�ny
2 � nz

2� T

.

The complete law of refraction of streamlines, with respect to
both the normal and the tangential flux, (1) and (7), can be
rewritten in the form

q� � n � q� � n
q� � s1 � q� � s1 � �1 � �K��� � q� � s1

q� � s2 � q� � s2 � �1 � �K��� � q� � s2,
(9)

where [K�] � [K�] � [K�]�1. Thus it may be rewritten in the
form of jump equations:

q jump � ��qi� jump	 � � qx
� � qx

�

qy
� � qy

�

qz
� � qz

�
�

� � nT

s1
T

s2
T� � � 0

�1 � �K��� � q� � s1

�1 � �K��� � q� � s2
� . (10)
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In a homogeneous domain, (10) degenerates to the condition
of continuity of the q components, without the jump coupling
terms:

�qi� jump � qi
� � qi

� � 0 i � x , y , z . (11)

For a well-posed specific discharge solution, both the conti-
nuity of the normal flux and the refraction law (or laws, in
three dimensions) of the tangential fluxes have to be satisfied,
although the continuity of pressure or piezometric head along
a material interface is also used in head computation. For
example, in the domain decomposition method applied to a
multilayered aquifer, the continuity of the normal flux (itera-
tively satisfied) and the assumption of vertical flux in a hori-
zontal semipervious layer are used. However, in the existing
continuous specific discharge schemes, only the continuity of
normal fluxes is ensured.

The specific discharge field can be calculated by Darcy’s law:

q � �K � 
h , (12a)

subject to

q� � n � q� � n
�K���1 � q� � s � �K���1 � q� � s (12b)

on any material interface.

2.2. Weak Formulation of Darcy’s Law

By applying the standard Galerkin FEM to Darcy’s law
(12a), we obtain its weak formulation:

�
�

NIqi d� � ��
�

NIKij

�h
� xj

d� , (13a)

with the approximation of

qi � q̂ i � �
J�1

L

NJqiJ, h � ĥ � �
J�1

M

NJhJ, (13b)

where i � x , y in two dimensions; i � x , y , z in three
dimensions; Kij is the tensor of hydraulic conductivity; NI, NJ

denote the linear basis functions; qiJ is the Jth nodal specific
discharge of the ith component; hJ is the Jth computed nodal
head value; and L and M are the total numbers of nodes, respec-
tively, for the computation of the specific discharge and head
fields. Equation (13) may also be expressed in matrix form:

�AIJ� � �qiJ	 � �FiI	 , (14a)

with

AIJ � �
e

AIJ
�e� � �

e
�

��e�

NINJ d� (14b)

FiI � �
e

FiI
�e� � ��

e
�

��e�

NIKij
�e�

�NJ

� xj
d� � �hJ	 , (14c)

where [AIJ] is the global coefficient matrix; {qiJ} is the nodal
unknown vector of the ith component of q; {FiI} is the right-
hand-side load (flux) vector; �(e) is the domain of element e;
{hJ} is the computed nodal head vector; I , J denote the global
node numbering; and the superscript e denotes the element e .

The weak formulation of Darcy’s law, (13), may be employed
in both continuous and discontinuous FEMs, depending on the

mesh used. When applied to a continuous mesh (L � M),
such as the mesh for head computation shown in Figure 1a, it
results in a continuous specific discharge scheme [Yeh, 1981],
which gives rise to a continuous q field at any point in any
direction. When applied to a discontinuous mesh (L � M),
such as the mesh shown in Figures 1b and 2a, it becomes a
discontinuous FEM and leads to a discontinuous specific dis-
charge scheme. In the proposed consistent schemes the inter-
face conditions, (12b), are incorporated into this weak formu-
lation of Darcy’s law.

3. Implementation in a 2-D Locally Isotropic
Porous Media

In what follows, the proposed approaches will be demon-
strated in the case of a 2-D flow in a locally isotropic aquifer.
Extension to 3-D flow requires more algebra but is straight-
forward.

In two dimensions the refraction law, (6), may be written in
terms of the unit tangential vector: s � {ny, �nx}T. When
applied to an isotropic domain, both the continuity of the
normal flux component, (1), and the refraction law for the
tangential one, (6), may be expressed, respectively, in the form:

qn � qn
� � 0 qs �

K
K� qs

� � 0 (15)

or

nxqx � nyqy � nxqx
� � nyqy

�; nyqx � nxqy �
K

K� �nyqx
� � nxqy

��.

(16)

In the jump form the law of refraction may be written as

� �qx� jump

�qy� jump
� � � nx ny

ny �nx
� � � 0

	 1 �
K�

K 
 �qxny � qynx��
� 	 1 �

K�

K 
 � ny
2qx � nxnyqy

nx
2qy � nxnyqx

� , (17)

Figure 1. Scheme 1: (a) a continuous mesh and (b) a discon-
tinuous mesh.

Figure 2. Scheme 2: (a) a discontinuous mesh and (b) a local
nodal numbering for an element e with a material interface.
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where qn, qs are the normal and tangential components of the
specific discharge q; qx, qy are the components of q in the x , y
directions; and K is the hydraulic conductivity. Here, the values
of q components and K without a superscript are for the side
of higher hydraulic conductivity.

For the presentation of both schemes, let us consider a
domain with two triangular elements separated by a material
interface. The meshes for schemes 1 and 2 are shown in Fig-
ures 1 and 2.

3.1. Scheme 1

At any point on a material interface, we rewrite the law of
refraction of streamlines, (17), in the general form of jump
equations:

�qi� jump � qi � qi
� � 	 1 �

K�

K 
 �nj
2qi � ninjqj� (18)

i � x , y j � y , x ,

where qi
� are the specific discharge components on the low

conductivity side of the interface, and qi are those on the
higher conductivity side. Here no summation is used; [qi]jump

result from the discontinuities in the specific discharge on both
sides.

In a discontinuous mesh (Figure 1b) an element with at least
one material node is defined as a material element. We shall
refer to the element with the high hydraulic conductivity as the
basic element, while that with the lower conductivity will be
referred to as the dependent element. Furthermore, the spe-
cific discharge at a material node of a basic element will be
regarded as a primary variable, while the specific discharge at
the same location but on the other side will be regarded as a
dependent variable. Thus all dependent variables can be de-
termined by their corresponding primary nodal variables and
nodal jumps. For example, in Figure 1b the q components at
dependent node 5 can be expressed by those at its correspond-
ing primary node 3:

qx5 � qx3 � �qx3�jump � qx3 � 	1 �
K �2�

K �1�
 �ny
2qx3 � nxnyqy3� (19)

qy5 � qy3 � �qy3�jump � qy3 � 	1 �
K �2�

K �1�
 �nx
2qy3 � nxnyqx3� , (20)

where K(1), K(2) are the hydraulic conductivities of elements
1 and 2, respectively. By such nodal jumps all the unknown
dependent variables at additional material nodes in a discon-
tinuous mesh may be expressed by their corresponding primary
ones.

To demonstrate this scheme, let us consider as an example
the dependent material element 2 in Figure 1b. Its elemental
matrix system equations, by the discontinuous FEM proce-
dure, obtained from the weak formulation of Darcy’s law, (13),
are

�AIJ
�2� � � � qi4

qi5

qi6
� � �FiI

�2�	 , (21)

where [AIJ
(2) ] and {FiI

(2)} are the elemental coefficient matrix
and load vector, determined by (14); I , J (I , J � 1–3) are
the local node numbers; and qiJ ( J � 4, 5, 6) are the global
node values. Taking into account the jumps in q components at
the material node pairs (2, 6) and (3, 5), such matrix system in

(21) is converted into the same form as in a general continuous
FEM, in the form

�AIJ
�2� � � � qi4

qi3

qi2
� � �FiI

�2�	 � �GiI
�2�	 , (22)

where {GiI
(2)} is the elemental jump vector, defined by

�GiI
�2�	 � �Gi1

�2�

Gi2
�2�

Gi3
�2�
� � 	 1 �

K �2�

K �1�
 �AIJ
�2� �� 0

nj
2qi3 � ninjqj3

nj
2qi2 � ninjqj2

� .

With the introduction of such elemental jump vectors, the
coefficient matrix, the unknown and load vectors of a depen-
dent element, are converted into the same form as those ob-
tained by a general continuous FEM formulation of Darcy’s
law. It is apparent that the contribution to the elemental jump
vector of a dependent element is only from material nodes. For
all basic and nonmaterial elements the elemental jump vector
is zero, and their elemental system equations are the same as
those derived by a continuous FEM procedure.

By assembling we obtain the global coefficient matrix and
the total load vector:

�AIJ��q*iJ	 � �FiI	 � �GiI	 , (23)

where {q*iJ} is the unknown vector, and {GiI} is the global
jump vector. The latter results from the discontinuities in q
components between the dependent and primary nodal values
at all material nodes. It is obtained by assembling the contri-
butions from all the dependent elements having an interface
(interfaces) or a single material node. In the former case the
normal vector of such an interface is used. In the latter, how-
ever, an averaged normal vector, obtained from all interfaces
connecting at such a node, is used. All nonzero elements in
{GiI} correspond to material nodes and their connected nodes
in dependent material elements. It should be noted that here
the unknown vector, {q*iJ}, which is different from {qiJ} in
(14), consists of the unknowns at all nonmaterial nodes, and
the primary unknowns, rather than averaged values appearing
in a continuous scheme, at material ones. Without the jump
vector, {GiI}, in a homogeneous domain, (23) is identical to
(14) of the continuous scheme, and the {q*iJ} ’s are the nodal
averaged values. Thus the continuous scheme can be taken as
a special case of our scheme 1, with the identical values on both
sides of element edges.

The mesh depicted in Figure 1b, constructed by adding some
additional nodes at the original material nodes in the contin-
uous mesh in Figure 1a, is used to demonstrate the method-
ology for taking into account specific discharge discontinuities.
However, it is not necessary to construct such an additional
mesh and node numbering for the specific discharge compu-
tations. In fact, the mesh used for head computation is also
valid for these computations. In (23) the number of degrees of
freedom of any q component is the same as the node number
in the mesh shown in Figure 1a. After solving (23) the depen-
dent nodal values at additional nodes (e.g., nodes 5 and 6) at
material interfaces, on the side of the dependent elements,
may be explicitly derived by using (18).

In general, there is a coupling between the equations that
evaluate {qxJ} and {qyJ} by the interface conditions in a
heterogeneous domain, and their solutions are coupled by the
jump vector, {GiI}, consisting of some elements in both {qxJ}
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and {qyJ}. An iterative solution technique is then used as
follows:

1. Assemble the global coefficient matrix [AIJ] and the
load vector {FiI} (i � x , y) and solve (14) independently for
initial solutions {qxJ

(l )} and {qyJ
(l )} (l � 0).

2. Set l � l � 1.
3. Assemble the global jump vector {GxI

( l )({qxJ
( l�1)},

{qyJ
(l�1)})} material element by element, solve (23), and up-

date the solution {qxJ
(l )}.

4. Assemble the global jump vector {G y I
( l )({q x J

( l )} ,
{qyJ

(l�1)})} material element by element, solve (23), and up-
date the solution {qyJ

(l )}.
5. Check the convergence of iterations for {qxJ

( l )} and
{qyJ

(l )}; if it is convergent, stop; otherwise, go to (2) and repeat
(2)–(5).

This coupling disappears when all material interfaces are
parallel to a coordinate axis. For the q component along such
an axis, the jump vector, {GiI}, consisting only of such a
component, does not disappear because a discontinuity be-
tween the primary and the dependent q components also ex-
ists. However, for the vertical component, the jump vector
{GiI} is zero, since the normal flux component is continuous.
Therefore, in a multilayered system with such particular hori-
zontal interfaces, the improvement in accuracy in the simula-
tions of local q fields, in the vicinity of material interfaces, does
not reduce the solution efficiency.

3.2. Scheme 2

In this scheme the weak formulation of the specific discharge
computation is obtained by incorporating the interface condi-
tions, (15), into the weak formulation, (13), for a discontinuous
mesh (Figure 2a), in the form

�
�

NIqi d� � �n �
�

NI�qn � qn
�� d� � �s�

�

NI	qs �
K

K� qs
�
 d�

� ��
�

NIK
�h
� xi

d� , (24)

where � is the set of material interfaces, and �n, �s are penalty
weights (�0). When a coordinate axis is parallel to a material
interface, �n � 0 for the computation of the q component
along such axis, while �s � 0 for the other component. Oth-
erwise, generally, �n � �s � � .

The interface conditions, (16), may be rewritten in the forms

niqi � niqi
� � �njqj � njqj

� (25a)

njqi �
K

K� njqi
� � niqj �

K
K� niqj

�. (25b)

To keep the problem well-posed, it is necessary to ensure that
the diagonals of the elemental and the global matrices are
positive. Thus, by combining (25a) and (25b), we obtain

�1qi � �2qi
� � �3qj � �4qj

�, (26)

where

�1 � �ni� � �nj� , �2 � �	 � ni� �
K

K� � nj� 
 ,

�3 � �nj sign �ni� � ni sign �nj� ,

and

�4 � nj sign �ni� �
K

K� ni sign �nj� .

To include the interface contributions for the element on the
side of a material interface with the lower hydraulic conduc-
tivity, we apply (26). However, in order to keep the final system
matrix positive definite, for the element on the side with higher
hydraulic conductivity, we have to change (26) to

��2qi � �1qi
� � ��4qj � �3qj

�. (27)

With these modifications of interface conditions, the weak
formulation, (24), is rewritten as

�
�

NIqi d� � ��1 �
�

NIqi d� � ��2 �
�

NIqi
� d�

� ��
�

NIK
�h
� xi

d� � ��3 �
�

NIqj d� � ��4 �
�

NIqj
� d� .

(28)

For the purposes of demonstration, let us consider element
e in Figure 2b. The interface terms may be expressed as

�1
e�BIJ

e � � � qi2
e

qi3
e � � �2

e�BIJ
e � � � qi4

e

qi5
e � � �3

e�BIJ
e � � � qj2

e

qj3
e �

� �4
e�BIJ

e � � � qj4
e

qj5
e � , (29)

where

BIJ
e � �

�e

NINJ d� � � b11
e b12

e

b21
e b22

e � I , J � 2, 3,

in which qiJ
e denotes the nodal values of the ith q component

at the local node J ( J � 2–5), and �e is the material edge
of the material element e . By combining the contributions
from the interior of the element and along the material inter-
face, we obtain the elemental matrix system:

�AIJ
e � � � qi1

e

qi2
e

qi3
e � � �� �1

eb11
e �1

eb12
e �2

eb11
e �2

eb12
e

�1
eb21

e �1
eb22

e �2
eb21

e �2
eb22

e � � 
qi2

e

qi3
e

qi4
e

qi5
e
�

� �FiI
e 	 � �� 0 0

b11
e b12

e

b21
e b22

e � � � �3
e� j2

e � �4
eqj4

e

�3
eqj3

e � �4
eqj5

e � . (30)

Therefore, in this scheme, both the original coefficient ma-
trix and the load vector of an interface-connecting material
element are modified in order to satisfy interface conditions.
After assembling contributions to the global coefficient matrix
and to the right-hand-side load vector from interior elements,
we assemble contributions of each material interface from the
material elements on both sides of such an interface. Finally,
we obtain the global matrix system:

�AIJ � AIJ�� � �q**iJ	 � �FiI � FiI�	 , (31)

where [AIJ�], {FiI�} are the portions of the global coefficient
matrix and the right-hand-side load vector contributed by all
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material interfaces, respectively, and {q**iJ} is the unknown
vector. This unknown vector consists of the averaged specific
discharge variables at all nonmaterial nodes, and the variables
at material nodes and their corresponding additional nodes.

Selecting an appropriate value for the weight � is essential in
order to ensure the two interface conditions, while not degen-
erating the nature of the problem, since such conditions are
only weakly incorporated into the weak formulation of Darcy’s
law. It should be large enough so as to satisfy these conditions.
On the other hand, if the selected value is too large, the effect
of Darcy’s law is overridden, and a large round-off error may
result. Practically, there is a wide optimal range for � values,
such that it is easy to select an appropriate one.

As in scheme 1, the solutions for the q components in the x
and y directions, {qxJ} and {qyJ}, are generally coupled be-
cause of the interface conditions. An iteration algorithm is
used as follows:

1. Assemble the global coefficient matrix [AIJ] and the
load vector {FiI} (i � x , y) element by element in the
discontinuous mesh and then assemble [AIJ�] interface seg-
ment by segment and solve (14) independently for initial so-
lutions {qxJ

(l )} and {qyJ
(l )} (l � 0).

2. Set l � l � 1.
3. Assemble the load vector {FxI�

(l ) ({qyJ
(l�1)})}, interface

segment by segment, solve (31), and update the solution
{qxJ

(l )}.
4. Assemble the load vector {FyI�

(l ) ({qxJ
(l )})}, solve (31),

and update the solution {qyJ
(l )}.

5. Check the convergence of iterations for {qxJ
( l )} and

{qyJ
(l )}; if it is convergent, stop; otherwise go to (2) and repeat

(2)–(5).
Only when all material interfaces are parallel to a coordinate

axis are their solutions uncoupled. As seen in Figure 2a we
need to add additional nodes at the same location of each
material node in the continuous mesh used for head compu-
tation. Furthermore, we have to satisfy the condition that the
total node number at that location be identical to the number
of materials connecting to such a node. Meanwhile, we recon-
struct a new node numbering in such a way that the numbering
of all the nodes in the different materials at the same location
be consecutive so that the increase in bandwidth of the system
matrix may be the smallest.

3.3. Treatment of Singular Nodes

When applied to a heterogeneous domain with a number of
nonintersecting straight material interfaces, the proposed con-
sistent schemes perform very well. However, if any two inter-
faces, with different normal vectors, intersect within the study
domain, we have a singular point. In such a case it is impossible
to satisfy interface conditions at material element edges con-
necting at such a point. Theoretically, at such singular point,
two different streamlines intersect, and the specific discharge
becomes infinite. Moreover, the local q field in its vicinity is
very complex. Most singular points are artificially created, ei-
ther by parameter regionalization and geometrical conceptu-
alization, while developing the conceptual model, or in the
process of mesh generation and averaging of element param-
eters in the numerical model. To demonstrate different meth-
ods for treating singular points, we consider three cases:

Case 1 is a singular point resulting from parameter region-
alization and geometrical conceptualization. In this case the
hydraulic conductivity varies continuously around such a point,
and no real singular point exists. A sharp material interface is

assumed only for simplification. In such a case the specific
discharge at the “singular point” is not infinite, and the local
flow around it is continuous. Thus it is not necessary to incor-
porate interface conditions on the material edges of its con-
necting elements. Furthermore, if necessary, we may take into
account the continuous variations in the hydraulic conductivity
within the elements connected by the singular point, rather
than assuming a sharp variation in hydraulic conductivity along
the material interface.

Case 2 is a singular point resulting from mesh generation
and element parameter averaging. Most curved material inter-
faces smoothed by parameter regionalization are represented
by straight lines in a numerical model. Around such a singular
point, mesh refinement may be used to smooth the variations
in the normal vectors at material elements edges.

Case 3 is a real singular point. Such a point seldom exists in
a porous medium. Whenever it does occur, it produces only
slight variations in the normal vector. Thus such a singular
point cannot cause a difficulty in treating the local q field. On
the other hand, close to a singular point with a large variation
in the normal vector, Darcy’s law is not valid, as the specific
discharge becomes very large. Thus capturing the singularity in
the numerical model is not essential.

Let us discuss alternatives for treating singular points in both
schemes (Figure 3). In scheme 1 (S1) there are two possibilities
(alternatives 1 and 2) for setting the normal vector at a singular
point: (1) In A1 for a dependent element with such an inter-
face connecting with such a point (e.g., e1 and e3), the normal
vector of this interface (n1 or n2) is used. For a dependent
element with only such a singular node, an average normal

Figure 3. Alternatives for treating singular points in schemes
1 and 2.

Figure 4. Local mesh refinement around a singular node.
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vector (e.g., e2), n� , obtained from all its connecting interfaces,
is used. (2) In A2, only the average normal vector is used for
such a singular point, independent of the element to which
such a point belongs.

In scheme 2 (S2), which is based on how interface conditions
are considered at the material edges of elements connecting
with a singular point, we also have two alternatives (alterna-
tives 3 and 4): (1) In B1, interface conditions are incorporated
into the weak formulation, (24) or (28), for all material edges
of elements. However, at the edges connecting with such a
singular point, these conditions can never be met. On the
contrary, because of the specific discharge averaging at this
point, the error propagation along the material interface will
be worsened, causing the conditions not to be met also at
several adjacent material edges. (2) In B2, the interface con-
ditions at the material edges connecting with the singular point
are relaxed. Then, the conditions are not satisfied only at such
edges, and the propagating error is freed to the extent that it is
controlled by Darcy’s law.

Because of the large specific discharge variations around a
singular point, an averaged specific discharge at such point
cannot control a sharp variation (discontinuity) in specific dis-
charge or its peaks when the point is approached from its
connecting material edges, especially for a coarse mesh. To
capture such peaks, as well as the complex local q field around

such a point, we use a simple technique for mesh refinement
around a singular point. We add a node on each interface in
the vicinity of the singular point, and create additional ele-
ments so the triangulation remains conforming (Figure 4). In
the following numerical experiments, such mesh refinement
techniques (S1-A3, S2-B3) and the alternatives S1-A2 and
S2-B2 are presented and compared.

4. Numerical Experiments
The accuracy of the proposed consistent schemes is demon-

strated by comparing specific discharge fields in heterogeneous
domains computed by four different schemes. All the schemes
are based on the head distribution calculated by a standard
Galerkin FEM with triangular elements and linear basis func-
tions.

In a continuous scheme (CS) [Yeh, 1981] a separate appli-
cation of Galerkin FEM to Darcy’s law is utilized. The mesh,
node numbering, and basis functions for head computation are
used. A set of M linear equations (M is the number of nodes)
is obtained and solved for each q component: {qxJ} and {qyJ}.
The resulting components are linear within each element and
continuous at all element boundaries.

In a discontinuous scheme (DS) the mesh and node num-
bering used in head computation are modified by adding nodes

Figure 5. Boundary conditions and material compositions in (a) example 1 and (b) example 2.

Figure 6. The meshes used to compute the piezometric head and the specific discharge fields (default) in (a)
example 1 and (b) example 2.
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Figure 7. Contour maps of the piezometric head in (a) Example 1, and (b) Example 2.

Figure 8. Variations of the specific discharge components along (a) line 1–1 and (b) line 2–2.
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at each material node in order to take into account disconti-
nuity in specific discharge on both sides of a material interface.
A set of L � M � Mm linear equations is derived and solved
(Mm is the number of additional nodes at all material nodes).
Along a material interface in a heterogeneous domain, each q
component is generally discontinuous.

In the above two methods, each q component is solved
independently, and no iteration between different components
is needed.

In scheme 1 (S1) we use the same mesh as in CS. After an
iterative solution between all q components, we obtain the
averaged specific discharge at each nonmaterial node, and the
primary specific discharge at each material node on the basic
element side. Then we explicitly derive the dependent one at
such a material node on the other side by nodal jumps.

In scheme 2 (S2) we use the same mesh as in DS. An
iteration is also generally needed in the solutions for all q
components. For each component a set of M � Mm linear
equations has to be solved.

Two experiments are considered for the comparison. In all
the examples an isotropic aquifer, having the shape of a square
with the dimensions of 120 m by 120 m, is considered (Figure
5). It has a fixed head (H � 1.0 m) at the left boundary, a
lower fixed head (H � 0 m) at the right boundary, and no flow
across the bottom boundary. It has a specified inflow flux
(qn � 1.0 m/d) in example 1 (see below) and no flow in
example 2 across the top boundary. Different material compo-
sitions within it are used to demonstrate the capacity of the
proposed schemes to simulate a heterogeneous domain with

complex material compositions and interfaces of arbitrary
shapes. The piezometric head distribution is obtained by ap-
plying the standard Galerkin finite element method, with lin-
ear basis functions, to the steady flow


 � �K � 
h� � 0. (32)

In example 1 a mesh with 288 (12 � 12 � 2) uniform vertical
triangular elements of 10m � 10m is used. In example 2 a
finer mesh, with 1152 elements of 5m � 5m , is employed
(Figure 6). The piezometric head fields in Figure 7, calculated
for these meshes, are the basis for the derivation of and dis-
cussion on the specific discharge fields of the four methods.
Unless otherwise specified, these default meshes are also used
in deriving the specific discharge fields.

4.1. Example 1

For the first example the domain contains two kinds of
materials, separated by a horizontal AB and a skew straight
CD material interfaces (Figure 5a). Lines 1–1 and 2–2 are used
to show variations in q components. The high hydraulic con-
ductivity is K1 � 100.0 m/d, and the lower is K2 � 10.0 m/d.

CS and S1 result in the same or very close specific discharge
fields in the homogeneous subdomains which are far from the
material interfaces (not shown). However, differences are sig-
nificant for the local q fields in the vicinity of these interfaces.
In addition, S1 and S2 produce the same q fields in the entire
domain, even at the material interfaces. DS gives a small dif-
ference at interfaces and in the nearest element wide strip
along the interfaces, in comparison with S1 and S2.

Figure 9. Conditions of the law of refraction of streamlines at all material nodes in the different methods:
(a) continuity of the normal flux and (b) discontinuity of the tangential flux component.
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Figure 8 shows error propagation from material interfaces.
S1 and S2 give rise to the same smooth variations of q com-
ponents along lines 1–1 and 2–2, except that they exhibit phys-
ically consistent discontinuities at material interfaces. Within
an influenced strip of the nearest 6–8 elements along the
interfaces, CS results in large errors and oscillatory wiggling
specific discharge variations. The reason is that for the same
head load determined by the computed head distribution, CS,
by averaging, increases the specific discharge at a material
node on the side of low hydraulic conductivity. Thus it reduces
the specific discharge at the adjacent nodes connecting with
such a material node, and increases that at the nodes behind
such adjacent nodes. On the other hand, CS reduces the ma-
terial nodal specific discharge on the side of higher hydraulic
conductivity and results in additional error waves, whose am-
plitudes are gradually attenuated with the distance from such a
material node. Besides the difference at material interfaces,
the largest difference between CS and S1 occurs at the nearest
nodes connecting with material ones. Moreover, on the side of
lower hydraulic conductivity, the absolute amplitude of error
waves is slightly larger, and the influence of material interfaces
is also larger, since the specific discharge is relatively smaller
than that on the other side. Figure 8b shows that CS results in
the same q component, qy, as S1 when the interface is vertical
to such a particular direction. Outside such a strip, CS pro-
duces a q field that is very close to that of S1. In DS small
differences occur at material interfaces and in their adjacent
elements, in comparison with the differences in S1. Thus the

propagation of errors in simulating the specific discharge at
interfaces is much smaller and closer-reaching than in CS.

Figure 9 shows that on both material interfaces, S1 and S2
preserve the law of refraction of streamlines, namely, the con-
tinuity of the normal flux components and the discontinuity of
the tangential ones. CS preserves the continuity of the normal
components. However, it does not meet the required condition
of the discontinuity of the tangential ones, since its derived q
components in any direction are continuous at any point. Fig-
ures 9 and 10 show that DS does not satisfy the continuity of
the normal fluxes. Along material interfaces the outflow from
the side of high hydraulic conductivity is greater than the influx
to the side of lower hydraulic conductivity. Thus the discon-
tinuous scheme is not mass conserving. On the other hand, it
preserves the law of refraction of streamlines with respect to
the tangential components, except at nodes close to bound-
aries. In the particular case of the horizontal interface (AB),
DS can satisfy the law of refraction of streamlines for the x
component; this conclusion is the same as that obtained by
Srivastava and Brusseau [1995].

Figure 11 shows the effects of a material interface on the
computed x component along 1–1 for different values of the
ratio of hydraulic conductivities K1/K2 with K1 � 100 m/d and
K2 � 1, 50, 100, and 1000 m/d. In the case of K1 � K2 �
100 m/d, CS, S1, and S2 provide the same variations of the q
component, qx, and no discontinuity in this component at the
material interface ( x � 40 m) occurs. DS gives rise to a
nonphysical discontinuity at the CD interface because in a

Figure 10. Variations of the normal and tangential components of specific discharge along AB and CD
material interfaces by the discontinuous scheme (DS).
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general case, the discontinuous scheme cannot preserve the
required continuity of the normal flux. A similarly influenced
strip with a width of about six to eight elements exists in CS as
long as there exists a discontinuity in hydraulic conductivity
(Figures 11a, 11b, and 11d). However, when K2 is close to K1

(K2 � 50), the jumps in q components become smaller. Thus
the difference in specific discharge solutions between CS and
S1 also becomes smaller and the influenced strip is narrower.

In Figure 12 the range and degree of the effect of the CD
material interface on the computed x component of the spe-
cific discharge along 1–1 are shown for CS and S1 for meshes
with 72, 288, 1152, 4608, and 18,432 uniform elements. For CS
the influenced strip becomes narrower with the process of
mesh refinement. For instance, in the last four finer meshes,
such strips are, respectively, about 80, 40, 20, and 10 m wide in
the x direction. However, within the influenced strip in the

Figure 11. Effect of material interfaces on the x component of specific discharge along line 1–1 for different
hydraulic conductivity ratio K1/K2 (K1 � 100 m/d): (a) K2 � 1, (b) K2 � 50, (c) K2 � 100, and (d) K2 �
1000 m/d.

Figure 12. Effect of material interfaces on the x component of specific discharge along line 1–1 for different
meshes by (a) the continuous scheme (CS) and (b) scheme 1 (S1).
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finest mesh, large differences always occur among the solutions
with different meshes. Especially, the amplitude of error waves
decreases only slightly with the process of mesh refinement,
and the errors at the nodes nearest to the interface ( x � 40 m)
cannot be reduced by mesh refinement. From this point of view
CS is not efficient for deriving accurate local q fields near
material interfaces. In S1 the solutions converge very fast with
mesh refinement. For the last three finer meshes the same
solution is obtained, except for some difference at boundary
nodes. Even the solution with the second mesh is close to those
of the last three ones. Thus we may obtain an accurate q field
in a heterogeneous domain using a much coarser mesh by S1
than by CS. In particular, the solutions by CS, for different
meshes, approach gradually those obtained by S1, with a rel-
atively coarser mesh, for example, with 1152 elements.

Iterations among the solutions for different q components
are needed in S1 and S2. Usually, S2 requires only about 4
iterations, as it is more efficient than S1, which generally needs
about 10 iterations. This may be concluded from the fact that
S1 explicitly considers interface conditions, while S2 converges
fast by employing a larger weight, �. The efficiency of the
proposed schemes depends also on the percentage of material
nodes (of the total number of nodes) and the regularity of the
shapes of the material interfaces. On the other hand, the pro-
posed consistent schemes can derive an accurate solution by a
coarser mesh, compared to the much finer mesh (as seen in
Figure 12) required by the commonly used continuous scheme
(CS). From this aspect, the proposed schemes may be more
efficient than the continuous one.

4.2. Example 2

This example involves an octagonal block of a different
hydraulic conductivity embedded in an otherwise homoge-
neous medium (Figure 5b). There are eight singular points. By
default, alternatives S1-A2 and S2-B2 are used for treating
such points in S1 and S2, respectively. The segment ABCD is
a material interface used for analyzing the variations in q
components at material nodes around the singular points B
and C in different schemes.

CS leads to large differences within a six-element-wide in-
fluenced strip along the entire material interface, in compari-
son with S1 (not shown). The largest errors occur at the nearest
nonmaterial nodes connecting with a material node. Some
negative values of the x component of specific discharge occur
on the side of low hydraulic conductivity. This contradicts

Darcy’s law and the computed head contour as far as flow
direction is concerned. In addition (not shown), we find the
solutions by S1 and S2 to be very close, except for a slight
difference at some singular points. This difference results from
the different methods used for treating singular points, as
mentioned above (S1-A2 and S2-B2). In DS a small difference
at the material interface and within its nearest two-element-
wide strip is caused by the fact that it separates the connection
between both sides of the interface and thus cannot meet the
law of refraction of streamlines.

Regarding mass balance, all schemes except DS are mass-
conservative. When an error in specific discharge (actually,
mass flux) occurs for some reason at a node, this error will
propagate to its connecting nodes and lead to a negative error,
thus resulting in a oscillatory local q field. Because of the mass
balance constraint, the effect of the original error will finally
disappear from an influenced strip. We may conclude that the
solutions by all schemes for the specific discharge out of the
influenced strip of material interface are very close to each
other and may even be considered identical.

Figure 13 shows the differences in the q components along
the segment ABCD of the material interface among the vari-
ous schemes. CS gives the same x component of the specific
discharge along AB and the same y component along CD as S1
and S2, except at the singular points and their connecting
material nodes, since in these cases CS gives the physically
(normal) continuous q component. At all other nodes it gives
rise to large differences by averaging the specific discharge on
both sides of the interface. DS results in the same y component
along AB and x component along CD as S1, since it preserves
the law of refraction of streamlines related to the tangential
components. However, it leads to a small difference in the x
component along AB and the y component along CD. At BC
and all material nodes connecting with singular points, DS also
gives a small difference in comparison with S1. S1 and S2 give
very close results in all the segments except at the singular
points B and C.

Figure 14a shows the improvement in the solutions for the x
component in S1 with mesh refinement. Around the singular
point B, the specific discharge varies sharply, and no large
differences in the specific discharge at point B are seen among
the different meshes. However, around the singular point C, a
high peak of specific discharge occurs, and the specific dis-
charge around it is more complicated. Thus it is difficult to

Figure 13. Variations of the specific discharge components along the segment ABCD of material interface.
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capture such a peak, and the differences among the different
meshes are significant. At other material nodes, except for the
singular-point-connecting ones, the specific discharge is close.
Figure 14b shows the comparisons of the solution for the x
component of specific discharge between the different alterna-
tives for treating singular points, S1-A2 and S1-A3. Appar-
ently, S1-A3 captures the peak of specific discharge around
point C and the sharp variation of specific discharge around
point B more efficiently than S1-A2. Therefore the local mesh
refinement around singular points is an efficient alternative for
treating a singular point with a high peak of specific discharge
or sharp variations in specific discharge.

5. Conclusions
The existing continuous and discontinuous schemes for the

calculation of specific discharge cannot simultaneously pre-
serve the law of refraction of streamlines along a material
interface in heterogeneous porous media. All of them give rise
to an inaccuracy in the local specific discharge field in the
vicinity of such an interface. Two consistent schemes are pro-
posed by incorporating both interface conditions into the weak
formulation of Darcy’s law in two different ways. The perfor-
mance of these schemes is compared with that of some often-
used techniques through two flow situations. The results indi-
cate that both consistent schemes can produce an accurate
evaluation of the local specific discharge field in the vicinity of
material interfaces and satisfy the interface conditions at such
interfaces. In addition, they provide identical results in simu-
lating a homogeneous subregion far from the material inter-
face to others by existing schemes.

These proposed schemes can simulate specific discharge
fields in a complex natural groundwater aquifer with any num-
ber of material compositions and interfaces of arbitrary shapes.
Near a singular point, additional nodes on material interface
are added and mesh refinement is used to greatly reduce its
adverse effect on the accuracy of simulations. As a result, the
interface conditions are met on most of a material interface.
Only on a very small portion near the singular node are such
conditions not satisfied. However, the mass balance around
such a node is preserved.

Because of the coupling of different specific discharge com-
ponents on material interfaces by the interface conditions,
iterations are required for the solutions for these components.
However, only a small number of iterations is usually needed.

If the material nodes constitute a large percentage of the total
number of nodes, the coupling iterations may take more CPU
time than the noniterative schemes. On the other hand, the pro-
posed schemes can save more CPU time in a coarser mesh in
order to reach the same accuracy that is arrived at by existing
schemes in a much finer mesh. They can also require less CPU
time in other aspects of transport simulations to get the same final
results (e.g., in the case of density coupling in seawater intrusion).

In a multilayered aquifer with any number of horizontal semi-
pervious layers, no coupling iteration is needed among the solu-
tions for different specific discharge components in the proposed
schemes. Therefore they can be applied to accurately and effi-
ciently simulate the specific discharge field and transport in such
a system. By taking the whole system as a single domain, the
proposed schemes avoid some assumptions and iterations re-
quired in the commonly used domain decomposition method.
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Figure 14. Comparisons of qx along ABCD by (a) different meshes and (b) alternatives for treating singular
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